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Extended Abstract

Multi-compartment models based on ordinary differential equations (ODEs) are well established tools
for simulating complex systems evolving over time [5]. However, although they are very
straightforward and easily interpretable, determining the compartment structure and interaction
mechanisms can be a very daunting task. In this context, Bayesian model selection methods are an
extremely useful tool for evaluating different kinds of models. In contrast to much of the frequentists’
methodology, which is generally based on asymptotic approximations for large sample sizes and
single best parameter value evaluations [1,10], the Bayesian framework provides a fully probabilistic
approach that easily incorporates both model and parameter uncertainty [3]. Bayesian analysis is well-
grounded on the so-called posterior distribution, i.e. the probability distribution of a problem specific
parameter space conditioned on given data. This specifies a measure of belief for all possible
parameter values. The posterior distribution is proportional to the product of the data likelihood and
the parameter prior distributions, allowing to easily include a priori information into the modeling
process. We here present a method for computing Bayes Factors between pairs of models for
performing the task of model selection, i.e. we calculate the marginal likelihood for each of the
models. This is particularly useful when there are just a few models to choose from. Due to the
evaluation of each model on the whole parameter space, the Bayes factor also naturally penalizes
model complexity and thus prevents overfitting issues [16,17]. The selection process is based on the
inference of the model’s parameters that represent the reaction rates governing the mass transport
between the compartments. As it is computationally very difficult to compute the marginal likelihood
of the model based on the model’s parameters, we split the computation into several intermediate steps
where not the full marginal likelihood has to be evaluated, but we only have to draw independent
samples from the so-called power posterior [2,10]. The power posterior is similar to the general
posterior density except for the introduction of an auxiliary “temperature” parameter that governs the
influence of the parameter likelihood. This approach is known as thermodynamic integration [4,11]. It
stabilizes the numerical evaluation of the marginal likelihood for each model by computing the
expectation with respect to the temperature based power posterior. This expectation was calculated via
Monte Carlo sampling using a copula based Metropolis-Hastings algorithm [18].

With the help of our method, we could use existent prior knowledge as well as measurements and
sampling results to extend a model put forward by the Helmholtz Zentrum Miinchen (HMGU) for the
processing of Zirconium in the human body after ingestion [12,13,14,15]. In radiation sciences,
models like these are of crucial importance for dose prediction for workers who are exposed to
radioactive substances. They predict limiting values for detrimental effects. Since the problem at hand
is of great relevance, quite a large number of analyses such as mice experiments exist. These yielded
excessive prior knowledge for our Bayesian modeling approach. Moreover, we compared the HMGU



as well as the extended HMGU model with the well-established standard model put forward by the
International Commission on Radiological Protection (ICRP) [7,8,9].

We found that the classical HMGU model failed to adequately capture part of the data. Using
Bayesian model inference, we were able to alleviate the problem by adding a new compartment, which
also made the extended HMGU model physiologically more plausible. We challenged both versions of
the HMGU model with the ICRP model by calculating the Bayes factors based on data from sixteen
healthy human subjects obtained through the double tracer technique [6,13,14]. Since these sixteen
datasets display quite diverse behavior, a Bayes factor was computed separately for every subject.
This is also in agreement with the biological knowledge that the reaction rates can differ between
humans. We found that the extended HMGU model best fits the data and is favored by the Bayes
factors both over the original HMGU model and over the ICRP model. Our new model can readily be
used to improve detrimental effect limit predictions.
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Figure 1: Schematic representation of the HMGU model for the biokinetics of zirconium
consisting of ten compartments y;,. . . ,y10 and twelve rate flows x;,...,X;> . The extended
HMGU model additionally contains the compartment y;, and the flow rates x;o, x>; and
X22 (shown in red). In either model zirconium enters the body in the stomach
compartment yy and diffuses through the system until it reaches either one of the two
final compartments urine, y;, or feces, ys. The gray compartments y; and y; are directly
related to the data points measured.
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Figure 2: The ICRP model for the biokinetics of zirconium consists of eleven
compartments y;,. . . ,y11 and 15 time independent transfer rates x;,...,Xg,X13,:::,X19-
Zirconium enters the body in the stomach compartment y, and diffuses through the
system until it reaches either one of the two final compartments urine, y;, or feces, ys.
The gray compartments y; and y; are directly related to the data points measured.
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Figure 3: Bayes Factors for the extended HMGU vs. the ICRP model. On the vertical axis the 16
patients are depicted from Patient 1 (top) to Patient 16 (bottom). Positive values denote a
preference for the HMGU model, negative for the ICRP model. A value bigger than 3 indicates
substantial preference of the improved HMGU model.
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